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Abstract
A connected graph G is caterpillar-pure if each spanning tree of G is a caterpillar. The
caterpillar-pure graphs are fully characterized. Loosely speaking they are strings or necklaces of
so-called pearls, except for a number of small exceptional cases. An upper bound for the number
of edges in terms of the order is given for caterpillar-pure graphs, and those which attain the
upper bound are characterized.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
A classical problem in graph theory is the study of all spanning trees of a connected
graph. In this paper we study the mirror problem: given a family of trees F all of
the same order, what are the graphs of which all the spanning trees are in F? We
call such graphs F-pure. In general the characterization of F-pure graphs may be
either a very easy problem or a very di=cult problem, depending on the family F.
For instance, if F consists of the star K1; n with n¿ 3, then the problem is trivial: the
only F-pure graph is K1; n itself.
The notion of F-pure graph was introduced by Jamison [3]. As a @rst example he
characterized the F-pure graphs in the case that F is the class of all trees of order n
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having a perfect matching. These graphs are called well-matched graphs. In this paper
we continue the study of F-pure graphs, where F is the family of all caterpillars of
order n. Loosely speaking, the caterpillar-pure graphs are strings or necklaces of pearls.
The pearls are K2; K1;1; k ; K4 − e; K2; k , and K4, and we are allowed to stitch them
together chain-like, either open (a string) or closed (a necklace). The stitching rules are
quite simple. There are a number of small exceptional graphs that are not of this type.
In Section 2 we present the basics. In Section 3 the caterpillar-pure graphs without
twins of degree two are characterized. This provides us with characterizations of all
caterpillar-pure graphs in Section 4. In Section 5 we deduce an upper bound on the
number of edges in caterpillar-pure graphs in terms of their order. The ones attaining
the upper bound are characterized.
2. Preliminaries
Throughout this paper G= (V; E) is a @nite, connected, simple, loopless graph. The
number |V | of vertices of G is the order of G.
Let F be a family of trees all of order n. Note that F consists of mutually
non-isomorphic trees of order n. A connected graph G of order n is F-pure if all
of its spanning trees are in F, see [3]. Obviously, any connected spanning subgraph
of an F-pure graph is F-pure.
Let G be a graph. A vertex of degree one (i.e. an end-vertex) in G will be called
a hair. If a hair u is adjacent to v, then we say that u is a hair at v, conversely, we
say that v has a hair. Let T be a tree. An internal vertex of T is a vertex of degree
two or more, that is, it is not a hair.
A caterpillar is a tree such that its internal vertices induce a path. The other vertices
are the hairs of the caterpillar.
If F is the family of all caterpillars of order n, then we call an F-pure graph a
caterpillar-pure graph. These graphs are the main focus of our paper. The class of
caterpillar-pure graphs can be easily characterized by a forbidden subgraph. The aster
An1 ;n2 ;:::;nk is the tree consisting of a central vertex to which k paths are attached of
lengths n1; n2; : : : ; nk , respectively, see [2]. Otherwise stated An1 ;n2 ;:::;nk is obtained from
the star K1; k by subdividing its edges such that the paths get their appropriate length.
So the aster A2;2;2 is the tree obtained from K1;3 by subdividing all of its edges once.
Our @rst theorem is obvious.
Theorem 1. A connected graph is caterpillar-pure if and only if it does not contain
the aster A2;2;2 as a (not necessarily induced) subgraph.
Since A2;2;2 is the only relevant aster in this paper, we will call it just the aster
throughout this paper. So in the sequel the aster has a central vertex of degree three,
and three outgoing paths of length two. We call a path of length two a 3-path, for
short.
Let G be a connected graph, and let v be a vertex of G. Note that, if v is in an aster,
then at most one hair at v can be involved in this aster. So, if we want to determine
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whether G is caterpillar-pure, then at each vertex with hairs we can remove all hairs
but one before we start to check whether any aster occurs in G. Conversely, if v is a
vertex with a hair and v is not in an aster, then we can add any number of hairs at v
without creating asters. We want to pursue this idea also for vertices of degree two.
The neighborhood N (v) of a vertex v is the set of all neighbors of v. A twin in G is
a pair of non-adjacent vertices u and v such that N (u)=N (v). The number |N (u)| is the
degree of the twin. Note that in the literature these are called false twins as opposed
to true twins x and y, which are adjacent vertices with N (x) − {y} = N (y) − {x}.
Because we are not interested in true twins in this paper we will call false twins just
twins, for short. Clearly, two hairs at the same vertex are twins of degree one. By
abuse of language, we will call k mutually non-adjacent vertices u1; u2; : : : ; uk with
N (u1)=N (u2)= · · ·=N (uk) twins as well, for any k¿ 2. Here k is the multiplicity of
the twins. By destroying such a twin we mean the removal of all vertices u1; u2; : : : ; uk
but one. So, destroying twins of degree one in G does not aJect the property of G
containing an aster or not.
Let u be a vertex of G. We say that we multiply u by k ¿ 1 if we add new vertices
u2; : : : ; uk and join each of these to all neighbors of u. In the enlarged graph u; u2; : : : ; uk
are twins of multiplicity k. Clearly, we can multiply any hair without aJecting purity.
Let u and v be twins of degree two in G, and let x and y be the two common
neighbors of u and v. If both u and v are involved in an aster in G, then they are
necessarily hairs in the aster, x and y are vertices of degree two in the aster, and a
common neighbor of x and y of degree at least three is the central vertex of the aster.
So, if u and v have more twins, say z1; : : : ; zk , then we can remove these extra twins
without aJecting the property of containing an aster or not. On the other hand, if u and
v are involved in an aster and we destroy the twin u; v, then two things may happen:
either there is still an aster involving the remaining vertices or there is no aster left
in G. In the latter case we are not allowed to destroy the twin when we are in the
process of deciding whether G is caterpillar-pure or not.
Conversely, we have to be careful when we want to multiply a vertex of degree
two. If it is already in a twin, then there is no problem. If it is not yet in a twin, then
we are not always allowed to multiply the vertex. In the next section we characterize
the caterpillar-pure graphs without twins of degree two.
We need some terminology. Let C=u1 → u2 → · · · → uk → u1 be a cycle of length
k¿ 4. A chord in C is an edge in G joining two non-consecutive vertices of C. A
short chord is a chord of the type uiui+2 (mod k), that is, it skips just one vertex of
C. In this case the vertex ui+1 is called a chorded vertex of C. Two short chords of
the type uiui+2 and ui+1ui+3 (mod k) are called consecutive chords.
A long chord is a chord that is not a short chord, i.e., it skips more than one vertex of
C no matter how we walk along C. Recall that a block in G is a maximal 2-connected
subgraph of G. A block consisting of an edge and its two ends necessarily is a bridge
(if we remove the edge, then the graph becomes disconnected). Such a block will be
called a trivial block. A non-trivial block is characterized by the property that any two
of its vertices lie on a cycle, see [1].
Let H be a connected graph. The block graph B(H) of H has the blocks of H
as its vertices, and two vertices of B(H) are adjacent whenever as blocks in H they
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share a cut-vertex, see [1]. Note that a block graph is connected, and all its blocks are
complete graphs. A chain of blocks is a graph H such that B(H) is a path. Note that in
a chain of blocks each block contains at most two cut-vertices, and each cut-vertex is
in exactly two blocks. An internal block in such a chain of blocks is a block containing
exactly two cut-vertices of the graph. An end block is a block containing at most one
cut-vertex of the graph. If there are at least two blocks, then a chain of blocks contains
exactly two end blocks, both of which contain exactly one cut-vertex of the graph.
Finally, if P is a path in G, then l(P) denotes the length of P, that is, the number
of edges in P.
3. Twinless caterpillar-pure graphs
The graphs in Fig. 1 are called gems. The black vertices are stitch points. The third
graph is K1;1;2 but it is also K4 minus an edge. We call it K4 − e to signify that the
two vertices of degree two are the stitch points in this graph. Thus we distinguish it
from the graph K1;1;2 in Fig. 5, where the stitch points are the vertices of degree three.
By stitching gems together along stitch points we can make strings and necklaces of
gems. More precise, a string of gems is a chain of blocks such that each block is a
gem and the cut-vertices are stitch points in the gems. Note that the gem K4 can only
be an end block. If an end block is diJerent from K4, then the stitch point that is not
a cut-vertex is called a free stitch point. A necklace of gems is obtained from a string
of gems with at least two gems and with two free stitch points by identifying the free
stitch points. In the case that the string consists of two gems we require that in at least
one of the gems the stitch points are non-adjacent. Note that if we form the necklace
from the string consisting of K2 and K4 − e, then we get K4 with two stitch points.
In this case it is not a gem. If we form the necklace using three K2’s, then we get a
triangle with three stitch points, which again is then not a gem. Another example that
may not be so easy to recognize as a necklace is K5 minus two chords incident with
the same vertex. It consists the gems K3 and K4 − e.
In Theorem 2 below we will see that a string or necklace of gems with hairs only at
stitch points is caterpillar-pure. Since the aster contains seven vertices, any connected
graph of order at most six is aster-free, hence caterpillar-pure. Some of these have
twins of degree two. These are excluded in Theorem 2 below. Amongst the connected
graphs of order at most six without twins of degree two there are graphs that are not
strings or necklaces of gems, or that are necklaces of gems with a hair at a vertex that
K4 –eK3K2 K4 
Fig. 1. The gems with black stitch points.
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Fig. 2. The exceptional graphs with a block of order @ve. The top three may have a hair at exactly one
vertex.
is not a stitch point. These graphs are the exceptional ones. The exceptional graphs
either consist of a 6-cycle with a long chord and maybe some more chords, or they
are one of the graphs of Fig. 2. Since each of the ones of order @ve in this @gure may
have a hair at exactly one vertex, this @gure lists, up to isomorphism, 13 exceptional
graphs. The @rst three are not a string or necklace of gems. The last @ve graphs of
Fig. 2 consist of a necklace of at most four gems with a hair at a vertex that is not a
stitch point. The stitch points are black. Note that a triangle with a hair at each vertex
is not exceptional, because we can view the triangle as the necklace of three K2’s, in
which each of its vertices is a stitch point. The graph K1;1;3 with at most one hair has
a twin of degree two, whence is excluded in Theorem 2.
Theorem 2. Let G be a connected graph without twins of degree two. Then G is
caterpillar-pure if and only if G is a string or necklace of gems with hairs only at
stitch points, or G is a 6-cycle with a long chord and possibly more chords, or G is
one of the thirteen graphs in Fig. 2, where hairs may be multiplied.
Proof. First we prove the ‘only if’ part of the theorem. Without loss of generality, G
has no twins of degree one. The aster contains seven vertices, so if G is of order at
most six, then G is caterpillar-pure by Theorem 1. This covers the case of Fig. 2 and
the 6-cycles with a long chord. So let G be a string or necklace of gems with at most
one hair at each stitch point. It is straightforward to check that G is caterpillar-pure.
The proof of the converse is split into a series of claims. In the rest of the proof, let
G be a caterpillar-pure graph without twins of degree two. Without loss of generality,
G has also no twins of degree one.
Claim 1. Every non-trivial block of G is hamiltonian.
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Proof. Let B be a non-trivial block, and assume that B is not hamiltonian. Let C be a
longest cycle in B, and let x be a vertex of B outside C adjacent to u on C. Since B is
a block, there is a path P′ from x to another vertex v on C. We may take v to be the
@rst vertex of P′ that is also on C. Let P be the path from u via x along P′ to v, and
let Q1 and Q2 be the two u; v-paths on C with Q1 being the shorter one of the two.
Since C is a longest cycle in B, the length of P is at most that of Q1. Since P has
an internal vertex x, its length is at least two. So we have 26 l(P)6 l(Q1)6 l(Q2),
that is, the length of C is at least four.
Suppose that l(Q1)¿ 3. Then we @nd a path of length two in Q1 as well as Q2
starting at u and ending before v. Together with a path of length two in P starting
at u these paths form an aster with u as central vertex. Hence Q1 is of length two,
so that also P is also of length two. Let y be the internal vertex of Q1. Then x and
y have u and v as common neighbors. Note that x and y cannot be adjacent, for
otherwise we would have the cycle u → y → x → v → : : : Q2 : : : → u, which is
longer than C.
Let Q2 = u → u1 → · · · → uk → v, where we may have k=1 (in case l(Q2)=2). If
x were adjacent to u1, then we would have the cycle u → x → u1 → : : : Q2 : : : → v →
y → u, which is longer than C. So x is not adjacent to u1. Similarly, x is not adjacent
to uk , and y is not adjacent to u1 or uk . We distinguish two cases.
Case 1: l(Q2) = 2. Note that C is now a 4-cycle. Let Q2 be u → z → v. To
avoid a 5-cycle, z cannot be adjacent to either x or y. Now x, y and z are mutually
non-adjacent and have u and v as common neighbors. To avoid twins, at least two of
x, y and z must have a third neighbor, say x and z. If x and z would have a common
neighbor w, then we would get the 6-cycle u → y → v → x → w → z → u. So x
and z have distinct third neighbors, say x′ for x and z′ for z. But now we get an aster
centered at u with the outgoing paths u → y → v, u → x → x′ and u → z → z′. This
impossibility settles Case 1.
Case 2: l(Q2)¿ 3. Now we have k¿ 2, so that u1 and uk are distinct vertices. As
observed above, neither x nor y is adjacent to u1 or uk . Suppose that x is adjacent to
an internal vertex ui of Q2 with 1¡i¡k. Then we have an aster with x as central
vertex and the three outgoing paths x → u → u1, x → v → y, and x → ui → ui+1.
So x is not adjacent to any internal vertex of Q2. Similarly, y is not adjacent to any
internal vertex of Q2. To prevent that x and y are a twin of degree two, at least one
of them must have a third neighbor, say w is a third neighbor of x. Then again we
have an aster, now centered at u with the outgoing paths u → u1 → u2, u → y → v
and u → x → w. This impossibility settles Case 2, whereby Claim 1 is proved.
Claim 2. If G has a block B of order at least <ve, then all other blocks of G are
hairs at B.
Proof. Let B be a block of order at least @ve, and let C be a hamiltonian cycle in
B. Suppose that there is another block D attached at B, say that v is the cut-vertex
between B and D. Then on C we can @nd two 3-paths going out from v with only v in
common. So in D we are not allowed to @nd a 3-path going out from v. This implies
that D is an edge, say wv. If w has another neighbor z besides v, then z is outside B,
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so that v → w → z is a third 3-path going out from v. But now we have an aster with
v as central vertex. Hence w has no neighbors besides v, that is, w is a hair.
Claim 3. A block of order at least seven in G is a necklace of gems, and hairs may
only occur at stitch points.
Proof. Let B be the block of order at least seven, and let C=u1 → u2 → · · · → uk → u1
be a hamiltonian cycle in B with k¿ 7.
Suppose that C has a long chord, say u1ui with 3¡i6 k − 2. Without loss of
generality we may assume that i¿ 5, for otherwise we renumber C in reverse order
starting at u1. Then we have an aster with u1 as central vertex and u1 → u2 → u3,
u1 → uk → uk−1, and u1 → ui → ui−1 as outgoing paths. This implies that C cannot
have any long chords.
Suppose that C has three consecutive short chords, say u1u3; u2u4, and u3u5. Then
we have an aster centered at u1 with the outgoing paths u1 → uk → uk−1, u1 → u2 → u4
and u1 → u3 → u5. So C has no three consecutive short chords.
Now two consecutive short chords u1u3; u2u4 induce a K4 − e with u1 and u4 as
stitch points. A single chord u1u3 that is not involved in two consecutive short chords
gives a triangle on u1; u2, u3 with stitch points u1 and u3. These observations imply
that B is a necklace of gems.
Note that chorded vertices are not stitch points. Suppose that x is a hair at the chorded
vertex u2, so that we have the short chord u1u3. Then we have an aster centered at u1
with the three outgoing paths u1 → u2 → x, u1 → u3 → u4, and u1 → uk → uk−1. So
hairs may occur only at stitch points.
Claim 4. A block of order six in G is a necklace of gems if and only if no hamiltonian
cycle has a long chord.
Proof. First let C = u1 → u2 → · · · → u6 → u1 be a 6-cycle with three consecutive
short chords u6u1; u1u3; u2u4. Then u1 → u2 → u6 → u5 → u4 → u3 → u1 is a
6-cycle with the long chord u2u4. Next, note that if a 6-cycle has no long chord or
three consecutive short chords, then it does not contain a 6-cycle with a long chord.
Let the block be a necklace of gems. Chords arise only when we use K3 or K4 − e.
Thus we produce a 6-cycle without long chords or three consecutive short chords.
Conversely, it is straightforward to check that any 6-cycle without long chords or three
consecutive short chords is a necklace of gems.
Claim 5. A block of order six in G with a long chord in any hamiltonian cycle has
no hairs.
Proof. Let B be the block of order six, and let C = u1 → u2 → · · · → u6 → u1 be a
hamiltonian cycle in B with the long chord u1u4. Assume that C has a hair x. Up to
the numbering of the vertices, there are only two diJerent possibilities for the hair: it
is either at u2 or at u4. In both cases we have an aster centered at u1. If the hair is at
u2, then we have the outgoing paths u1 → u2 → x, u1 → u4 → u3 and u1 → u6 → u5.
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Fig. 3. The caterpillar-pure graphs with a unique block of order @ve. The dashed chords may be present or
not. At most two of the dotted chords may be present in the graph in the middle of the bottom now.
Otherwise we have the outgoing paths u1 → u2 → u3, u1 → u4 → x and u1 → u6 → u5.
So G has no hairs.
Claim 6. A block of order six in G that is a necklace of gems may have hairs at
stitch points only.
Proof. Let B be the block of order six, and let C = u1 → u2 → · · · → u6 → u1 be a
hamiltonian cycle in B. Suppose that x is a hair at u2 and that u1u3 is a short chord.
Then we have an aster centered at u1 with the three outgoing paths u1 → u2 → x,
u1 → u3 → u4 and u1 → u6 → u5. So C has no hairs at chorded vertices. Since the
stitch points are the non-chorded vertices, we are done.
Claim 7. If G has a block B of order <ve, then G is one of the graphs in Fig. 3.
Proof. Let C = u1 → u2 → · · · → u5 → u1 be a hamiltonian cycle in B.
Assume that C has hairs at two consecutive vertices on C, say x at u3 and y at
u4. Now, if all three chords u1u3, u1u4, u2u5 were present, then we would have an
aster centered at u1 with the three outgoing paths u1 → u2 → u5, u1 → u3 → x and
u1 → u4 → y. So at most two of the chords u1u3, u1u4, u2u5 may be present. If
u2u4 were a chord, then we would have the aster centered at u2 with outgoing paths
u2 → u1 → u5, u2 → u3 → x, u2 → u4 → y. So the chord u2u4 is missing. Similarly,
the chord u3u5 is missing.
Assume that C has two hairs at non-consecutive vertices, say x at u2 and y at u5.
Then none of the chords u1u3, u1u4 may be present, for otherwise we would have an
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Fig. 4. Caterpillar-pure graphs with a unique block of order four. The dashed chords may be present or not.
aster centered at u1 and the three outgoing paths u1 → u2 → x, u1 → u5 → y and
either u1 → u3 → u4 or u1 → u4 → u3.
Using these two observations it is straightforward to check that G must be one of
the graphs in Fig. 3.
Claim 8. If G has a block of order <ve, then G is a necklace of gems with hairs
only at stitch points or G is one of the graphs in Fig. 2, where the graphs without a
hair may have a hair at exactly one vertex.
Proof. The proof consists of checking all the graphs in Fig. 3.
Claim 9. If G has a block B of order four with another block at two or more con-
secutive vertices on any hamiltonian cycle in B, then B is the unique non-trivial block
and G is one of the graphs in Fig. 4. All these graphs are necklaces of gems with
hairs only at stitch points.
Proof. Let C = u1 → u2 → u3 → u4 → u1 be a hamiltonian cycle in B. Let x be a
neighbor of u1 outside B, and let y be a neighbor of u2 outside B, so that u1 and u2
are cut-vertices. Suppose that, say, x has another neighbor z. Then z is not in B and z
is distinct from y. Now we have an aster centered at u1 with the three outgoing paths
u1 → x → z, u1 → u2 → y, and u1 → u4 → u3. So x is a hair at u1. Similarly, y is a
hair at u2. This implies that all other blocks of G are hairs.
Assume that there is also a hair z at u3. Now the chord u2u4 must be missing.
For, otherwise, we would have an aster centered at u4 with the three outgoing paths
u4 → u1 → x, u4 → u2 → y, and u4 → u3 → z. From this last argument we deduce
that, if there are hairs at all four vertices of C, then C has no chords at all. Hence G
is one of the graphs in Fig. 4 with a block of order four.
Recall that K4 is also a necklace with two stitch points. Clearly, the six graphs
depicted in Fig. 4 are all necklaces with hairs only at stitch points.
Claim 10. If G has a block B of order three with another block at each vertex of B,
then G consists of a triangle and a hair at each vertex of the triangle. This graph is
a necklace with a hair at each stitch point.
Proof. Let B be the triangle u1 → u2 → u3 → u1, and let xi be a neighbor of ui outside
B, for i=1; 2; 3. Note that x1, x2, x3 are distinct. Suppose that x1 has another neighbor
y outside B. Then y is distinct from x2 and x3. So we have an aster centered at u1
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with the three outgoing paths u1 → x1 → y, u1 → u2 → x2, and u1 → u3 → x3. So all
blocks besides B are hairs, and G is a triangle with a hair at each vertex. Clearly, it
is a necklace with a hair at each stitch point.
Claim 11. If none of the above cases apply, that is, if all non-trivial blocks of G are
of order at most four, and each block has at most two cut-vertices such that a block
of order four has no cut-vertices that are consecutive on a hamiltonian cycle in the
block, then G is string of gems with hairs only at stitch points.
Proof. We will use the property that a block of order four has no adjacent cut-vertices
in any of its 4-cycles in the sequel without mention. Recall that we are assuming
(without loss of generality) that there are no twins of degree one, so that there is at
most one hair at each vertex.
First assume that there is a cut-vertex v lying on three diJerent blocks B1, B2, and
B3. Let xi be a neighbor of v in block Bi, for i=1; 2; 3. If each xi has another neighbor
yi besides u, then these neighbors are in diJerent blocks, so they are all distinct. But
then we have an aster centered at v and three outgoing paths v → xi → yi with
i = 1; 2; 3. So at most two of x1, x2, and x3 have another neighbor besides v. That is,
at least one of B1, B2, and B3 is a hair at v. Hence there can be no other blocks at v
then these three, and exactly one of the blocks at v is a hair. We will call such a hair
at a cut-vertex between two other blocks an internal hair. If u is a hair at v, and v is
in only one other block, then this block cannot be a hair, so it is either a non-trivial
block or a trivial block, both ends of which are cut-vertices. In this case we call u an
end hair. Since each non-trivial block contains at most two cut-vertices, we have now
shown that, after removing the internal hairs at cut-vertices from G, a chain of blocks
H remains.
Assume that there is an internal block B of order four in H , and let u and v be the
cut-vertices of B. Then u and v are not adjacent in any hamiltonian cycle of B. Hence
B cannot be complete. This implies that B is a 4-cycle C = u → p → v → q → u with
at least one chord missing. If the chord pq is missing, then p and q are a twin of
degree two in G. Since this is impossible, the chord pq must be present. Hence, for B
to be incomplete, the chord uv is missing and u and v are the two vertices of degree
two in B.
Assume that there is an end block B of order four in H with cut-vertex u. Let
C = u → v → w → x → u be a hamiltonian cycle of B. Then neither v nor x has a
neighbor outside B. If v and x were not adjacent, then they would be a twin of degree
two in G, so the chord vx must be present. The chord uw may be present or not.
Finally, if G consists of a unique block of order four, then, to avoid twins of degree
two, it must be a complete graph on four vertices. This settles Claim 11.
This completes the proof of Theorem 2.
4. Caterpillar-pure graphs
The exceptional caterpillar-pure graphs are the ones consisting of a 6-cycle with a
long chord with possibly more chords, and the graphs of Fig. 2 and any graph obtained
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from one of these by multiplying the hair (if present). Note that if we multiply a vertex
of degree two in any the graphs of Fig. 2, then we create an aster. Moreover, if a
6-cycle has a long chord as well as a vertex of degree two, then multiplying the vertex
of degree two would also result in an aster. This is easily seen when we realize that
the eJect of the multiplication is the same as putting a hair at a neighbor of the vertex
of degree two.
Theorem 3. Let G be a connected graph that is not an exceptional caterpillar-
pure graph. Then G is caterpillar-pure if and only if G can be obtained from a
caterpillar-pure graph G∗ without twins of degree two by multiplying vertices of de-
gree two in G∗ such that only non-adjacent vertices of G∗ are multiplied, except in
the following case: a free stitch point in a K4− e may not be multiplied if this K4− e
is an end block of a string of at least three gems or of two gems where the other
gem is not K2.
Proof. Let G be a caterpillar-pure graph and not one of the exceptional graphs. Let
G∗ be the graph obtained from G by destroying all twins of degree two. Clearly G∗ is
an induced subgraph of G. Moreover, G∗ is a caterpillar-pure graph without twins of
degree two, and G∗ is not one of the exceptional graphs. So G∗ is a string or necklace
of gems with hairs only at stitch points. By recreating all the removed vertices, we get
G back. This recreating is nothing else than multiplication of vertices of degree two
in G∗. We only need to check whether no forbidden multiplication is performed.
Assume that G∗ has B=K4− e as end block with one free stitch point u, neighbors
x and y of u and z as other stitch point. If the other block at z is non-trivial or if there
are at least two other gems, then there is a 3-path z → p → q with p and q outside
B. If u were involved in a twin in G, say w is adjacent to both x and y, then we @nd
two other 3-paths z → x → w, z → y → u going out from z, which is impossible. So
u is not in a twin in G, whence u is not multiplied while recreating G from G∗, that
is, no forbidden multiplication is performed.
Conversely, let G∗ be a caterpillar-pure graph without twins of degree two. Let G
be obtained from G∗ by multiplication of vertices of degree two such that no forbidden
multiplications are performed. We have to show that G is aster-free. Let u be a vertex
of degree two in G∗, say with neighbors x and y. Let us multiply u, that is, we add
a new vertex v and join v to x and y. The only way that an aster may arise is that
in this aster u is a hair at x and v is a hair at y (or u at y and v at x). This implies
that, checking whether we are allowed to multiply vertex u of degree two amounts to
checking whether we are allowed to put a hair at the neighbors x and y of u. That is,
x and y should both be stitch points.
Let u be a vertex of degree two in G∗. Then u can be of three types. First u is a
stitch point on two K2’s. Then both neighbors of u are also stitch points, so that we
are allowed to put hairs on them. Hence we can multiply u. Second, u is a vertex on
a triangle of degree two. If both x and y are of degree at least three in G∗, then they
are stitch points. If, say, x is also of degree two, then the gem containing u is an end
block. Hence we can take u to be the vertex that is not a stitch point of the triangle,
and again both x and y are stitch points. So we are allowed to multiply u. Finally, u is
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Fig. 5. The pearls with black stitch points.
a free stitch point in an end block B that is a K4 − e. To avoid twins, the other stitch
point of B cannot be free. If the string has at least three gems, or if it has two gems
and the other one is not K2, then we are not allowed to multiply u, so there is nothing
to check. If the other block is K2, then we can view B as a necklace consisting of a
triangle and two K2’s, so that now u is not a stitch point but x and y are. So again
we can multiply u.
Theorem 4 provides us with a structural characterization of all caterpillar-pure graphs
similar to the one in Theorem 2. The graphs in Fig. 5 are called pearls. Again the
black vertices are stitch points. A string of pearls or a necklace of pearls is de@ned
in the same way as a string or necklace of gems, respectively.
Theorem 4. A graph G is caterpillar-pure if and only if G is one of the exceptional
graphs or G is a string or necklace of pearls with hairs only at stitch points.
Proof. If G is a string or necklace of pearls with hairs only at stitch points, then
twins of degree two occur only in the pearls K1;1; k and K2; k with k¿ 2. So destroying
the twins results in a string or necklace of gems with hairs only at stitch points. By
Theorem 3, G is caterpillar-pure.
Conversely, let G be a caterpillar-pure graph obtained from G∗ being a string or
necklace of gems with hairs only at stitch points. Let u be a vertex of degree two in
G∗ with neighbors x and y. As observed in the proof of Theorem 3, there are two
types of vertices of degree two that may be multiplied. First u, x and y form a triangle,
where x and y are the stitch points and u is hairless. Multiplication of u by k¿ 2
results in the pearl K1;1; k . Otherwise, u is a hairless stitch point on two K2’s, and x
and y are stitch points as well. Now multiplying u by k¿ 2 results in the pearl K2; k
with x and y as stitch points. Anyway, G is a string or necklace of pearls with hairs
only at stitch points.
5. Maximal caterpillar-pure graphs
Intuitively it is clear that if a graph has too many edges, then it cannot be caterpillar-
pure. In this section we will make this intuition precise.
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As a consequence of Theorem 3 we deduce the following inequality involving the
order and the size (number of edges) of a caterpillar-pure graph. When we destroy a
twin of degree two, then we call the removed vertices redundant twins. In a few cases
in the proof of Theorem 5 we check when we have equality to prepare the ground for
Theorem 7.
Theorem 5. Let G = (V; E) be a caterpillar-pure graph. Then |E|6 2|V | − 2 unless
|V |= 5 and G is K5 minus at most one edge or |V |= 6 and G is K6 minus at most
four edges.
Proof. Let G′ = (V ′; E′) be the graph obtained from G by destroying all twins of
degree two in G, and let G∗ = (V ∗; E∗) be the graph obtained from G′ by removing
all vertices that are hairs in G. Then h = |V ′ − V ∗| is the number of hairs in G.
Moreover, t = |V − V ′| is the number of redundant twins of degree two in G. Let
b= |V ∗|= |V | − t − h, and let b∗ = |E∗|. Then we have
|E|= h+ 2t + b∗; 2|V | − 2 = 2h+ 2t + 2b− 2:
Now we want to compare these two numbers. We consider a couple of cases.
First let G∗ be a block of order at least seven. Then G∗ consists of a cycle without
long chords or three consecutive short chords. Hence we have b∗¡ 2b− 2.
Second, let G∗ be a block of order six, and let C be a 6-cycle in G∗. If h¿ 1,
then all three long chords and at least two short chords are necessarily missing in C.
So we have h + b∗6 h + 10¡ 2h + 12 − 2 = 2h + 2b − 2. If t¿ 1, then let v be a
redundant twin in G. Now v must have two neighbors x and y in C. Moreover, there
is a unique vertex u of degree two in G∗ adjacent to x and y. Then u is in C. Now
there are no long chords or three consecutive short chords in C and no chords at all
at u in C. So we have 2t + b∗6 2t +9¡ 2t +12− 2= 2t +2b− 2. If h= t =0, then
we have b∗6 2b− 2 unless G is K6 minus at most four edges.
Third, let G∗ be a block of order @ve. If h¿ 2, then we have h+b∗6 h+106 2h+
10 − 2 = 2h + 2b − 2. Note that equality is only possible when h = 2, in which case
the two hairs must be at the same vertex to allow all possible chords in G∗. If h= 1,
then again we have h+ b∗6 2h+2b− 2, unless all chords are present. In this case G
is K5 with one hair attached. Note that this is a special case of K6 minus four edges.
If t¿ 1, then G∗ must have a vertex of degree two, so that at least two chords are
missing, and we have 2t + b∗6 2t + 8 = 2t + 10− 2 = 2t + 2b− 2. If h= t = 0, then
we have b∗6 2b− 2 unless G is K5 minus at most one edge.
Finally, assume that all blocks of G∗ are of order at most four, so that G∗ is a
string or necklace of gems. If there are at least two gems in G∗, then we already have
b∗¡ 2b− 2. If G∗ consists of only one gem, then we have b∗6 2b− 2 with equality
only if G is K4.
Thus we have shown that, except in the case that G is K5 minus at most one edge
or K6 minus at most four edges, we always have h+ 2t + b∗6 2h+ 2t + 2b.
Corollary 6. Let G = (V; E) be a caterpillar-pure graph with |V |¿ 7. Then |E|6
2|V | − 2.
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Proof. Since |V |¿ 7, none of the exceptions in Theorem 5 applies, and we are
done.
The caterpillar-pure graphs of order at most six of maximum size are of course the
complete graphs of order at most six.
Theorem 7. Let G = (V; E) be a caterpillar-pure graph with n= |V |¿ 7. Then |E|=
2|V | − 2 if and only if G is K1;1; n−2 plus one extra edge or G is K5 with two hairs
attached at the same vertex.
Proof. From the proof of Theorem 5 it follows that the equality h + 2t + b∗ = 2h +
2t+2b− 2 implies that G∗ consists of a unique block of order four, @ve or six. Since
|V |¿ 7, it follows that h+ t¿ 1. We consider three cases.
First let G∗ be a block of order four. Then we have b∗6 2b − 2. Now equality
implies that h=0. Hence t¿ 3. To have twins we need to have at least one vertex of
degree two in G∗. But this would imply that b∗6 5¡ 6= 2b− 2. So we cannot have
equality.
Second, let G∗ be a block of order six. Then h+ t¿ 1, and we have strict inequality.
Finally, let G∗ be a block of order @ve. Then h+ t¿ 2. If h¿ 2, then we can have
equality only if h= 2 and all chords in a 5-cycle in G∗ are present. This implies that
t = 0, so that G is a K5 with two extra hairs at the same vertex of this K5. If t¿ 1,
then at least two chords are missing in G∗. To have equality exactly two chords at
the same vertex are missing. But then we must have h = 0. So G∗ is a K4 with one
extra vertex u attached to two vertices of the K4. This is the necklace consisting of
the gems K3 and K4 − e. Now G can be obtained from G∗ by multiplying u. Hence
G is a K1;1; n−2 plus one extra edge.
6. Concluding remarks
The structure of the paper is that we @rst discuss the twinless case, then show that
the general case can be obtained by multiplying vertices of degree two (avoiding for-
bidden multiplications). As a corollary we obtain the characterization with strings or
necklaces of pearls. We could have chosen the opposite route, by @rst proving the pearl
theorem, then prove Theorem 3, and then obtain the gem theorem as a corollary. A
direct proof of Theorem 4 can be obtained by choosing a path P of maximum length
in G, and then prove that P is a dominating path. Then basically two cases arise. Case
1 is that there is an extreme chord between one of the @rst two vertices and one of
the last two vertices of P. This chord together with the subpath of P between the
two ends of the chord form a dominating cycle in G. Now we have to show that a
necklace of pearls with hairs only at stitch points arises or that one of the exceptional
graphs arises. The second case is that there is no such extreme chord. Now we have
to show that G is a string of pearls with hairs at stitch points only. It turns out that
some things are easier to handle in the one approach and some others in the other
approach.
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Basically, the same story as in this paper can be told when we consider F to be
the family of all labeled caterpillars all on the same vertex-set. Therefore we do not
pursue this theme here. In [3] the associates graph GF of a family of trees F all of
the same order was introduced. It is de@ned as follows: F is the vertex-set of GF,
and two trees T1 and T2 in F are adjacent in GF whenever there is an F-pure graph
H containing both T1 and T2 as spanning trees. In the case of the associates graph
there is a marked diJerence between the labeled and the unlabeled case, see [4].
After the well-matched graphs in [3] the results in this paper constitute a second
example of the problem of characterizing F-pure graphs for a family of trees F.
In [4] we consider some more examples, such as the trees of order n and maximum
(minimum) degree at most (at least) k, and those of diameter at most d. But certainly
there are many more interesting families F, for which the F-pure graphs may have
nice characterizations.
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